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It is shown that there xists a monomorphism from a multithreshold symmetric 
automata into a binary threshold symmetric automata. This implies that both 
automata have the same transient and cyclic behaviour. By a theorem proved in 
Goles and Olivos (1981) we conclude that a multithrehold symmetric automata 
does not have cycles of length greater than two. 
1. THRESHOLD AUTOMATA 
By a finite system we shall mean a couple (X, 4) where X is a finite set 
(the state space) and 4 is a function from X into itself (the transition 
function). For every point x ~ X we can define the number p(x), t(x) called, 
respectively, the cycle length and the transient length, as the smallest integers 
that satisfy: 4q+P(X)(X) = 4q(x) for each q >~ t(x), being p(x) > 0, t(x) >/O. 
We shall call ~, a monomorphism from the finite system (XI, 40  into the 
finite system (X 2, 4z) if ~t: X 1 ~ X 2 is an injection and ~, o 4i = 42 o ~. In this 
case we obtain: p(x) = p(qJ(x)) and t(x) = t(~,(x)) for each x E Yl.  
Now consider a finite set E={00 ..... 0p_ l}C~+ (0~00<01<. . .<  
0p_l). A multithreshold symmetric automata (MSA) is a special class of 
finite system, being its state space E" and the transition function 4 being 
characterized by means of two real matrices: 
A = (au/1 <~ i, j <~ n), 
B= (bM1 ~< i<~ n, 1 ~k  ~ p -  1), 
where A is symmetric and B satisfies 
bi ,k_ l<bi ,  k for each k E {2,..., p -  1 }, 
4 is defined as follows: for each x = (xl,..., x,) r C E" we have (4(x))i = O k if 
and only if (Ax)i C [bik, bi,k+ 1[ where bio =-oo ,  bip = +oo for i C {1 ..... n}. 
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We shall note by (E ", A, B) the MSA defined by the matrices A, B. 
A binary symmetric threshold automata (BSA) will be a MSA satisfying 
E= {0, 1}. 
In Goles and Olivos (1981) it has been proved that the BSA satisfies the 
following property: p(x) ~< 2 for each x C {0, 1 }". This result was extended in 
Goles and Olivos (1980) for the MSA, the proof in this case uses the 
properties of an algebraic operator associated to the limit cycle behaviour of 
the MSA. In this note we shall prove the result for the MSA by means of a 
canonical monomorphism among them and the BSA. The existence of the 
canonical monomorphism allows us to show the equivalence of the transient 
and cyclic lengths of these two class of finite systems, then the two cycle 
property follows from Goles and Olivos (1981). 
2. MONOMORPHISMS FROM MSA INTO BSA 
We define the following injection from E = {00 ..... 0p_~} into {0, 1 }P: 
q/o(Ok) = (1 ..... 1, 0 ..... 0) r ~ {0, 1} p 
L (k + 1)th coordinate. 
This function induces a canonical injection from E ~ into {0, 1 }P": 
Iff((X 1 ..... Xn) T) = (I//0(Xl)~... , I~lo(Xo)) T. 
THEOREM. Let (E n, A, B) be a MSA. There exist A, a np ×np symmetric 
matrix, and B a np X 1 matrix such that ~t is a monomorphism among 
(E", A, B) and ({0, 1} "p, A, B). 
Proof "Define the following p × p symmetric matrix: 
where 
c = (eMO <<. l, k <<. p - 1), 
ctk=(O t-Oo)(O ~-0o)  for l<~k, l~<p-1 ,  
Coo = 0~, Cok = Cko = 00(0 k -- 00) for k >~ 1. 
X= [;1 .... 1 Z,  .. & • Z i . ,  
: l 
nl "'" Anj  "'" Ann 
Now define the following np× np matrix: 
MULTITHRESHOLD SYMMETRIC AUTOMATA 97 
where zT;j is the following p × _p matrix: . , tu= a u C__. The symmetry of A 
and C implies the symmetry of A. Take B = (B 1 ... B , )  r where/~i C ~:  
B,  = (b~, b~i(Oi - 0o) ..... bik(O~ -- 0o),..., b,,~_ ,(Op_, - 0o)) T, 
where b* satisfies: 
• bio* < Inf{ (Ax)i  Oo/i C { 1 ... n }, x C En }. 
We have .4qT(x)=.4((~,0(x 0 ... qJ0(x,))r)= (Yl "'" y , ) r  where the Yi are 
vectors of length p. I is easy to see that the kth coordinate of y~ is 
Yk--Q'".~_laijxj)(Ok-,, 1 ,00)  if k> l  
= C'f_ la~yj)Oo if k= l .  
Then ~(~7(x)) = (z 1 .-. z , )  r where z i is a vector of length p satisfying 
zi=(1-..1 0-..0) 
~ kth coordinate, 
where k + 1 is the first coordinate for which 
} (O k -- 00) ( l(Ok 00) being k 1. 
\ 
aux  j bi,k- >1 
j=l / 
Then we obtain ~ o gT(x) = ~7 o ~i(x) Vx C E n. Q.E.D. 
This theorem implies, directly from Goles and Olivos (1981), that a MSA 
does not have cycles of length greater than two. 
When 00 =0 it is easy to obtain a monomorphism q} from (E n, A, B) into 
a BSA supported by {0, 1} ~(p-I) (see Goles and Martinez (1982)). 
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